Supplementary Problems 2: Circuits and Capacitors

1. The quantity of charge, q, that has passed through any cross-section of a certain conductor in
the time interval 0 sec. to t sec. is given by the equation
qt)=4t3+5t+6
where ¢g is in coulombs.

(a) What is the average current through the conductor from ¢ = 2s to ¢ = 4s?

Since current is defined as [ = Z—(i, the average current over a time interval will be
I = AA—S Plugging in the equation for q(t),

L _a@w-e@ _1
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(b) If the resistance of the conductor is 12€Q), what is the rate at which it is absorbing
electrical energy at t = 2s?

[(4-43+544+46)—(4-22+5-2+6)] =117 4

I—d =12t +5
===

I(t=2s)=12-22+5=534
P=12R=53%2-12 = 3.37 x 10*W

2. The figure below shows a section of a circuit where the electric potential at the point x,
Vx = 64.0 volts and at the point y, Vy = 16.%Volts.
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(a) With the switch S open determine the current in the 6 resistor and the potential
difference Vs .

With the switch open we have two parallel branches, the top with the 12 Q and 6
resistors in series and the bottom with the 3 Q and 13 Q resistors in series.

The potential difference across both branches is V,,, = 64.0 — 16.0 = 48.0 V.
The equivalent resistance of the top branch is Ry, = 12+ 6 = 18 Q.

The current through the top branch, and so the 6 Q resistor, is I;,, = % = %';0 =2.67 A
The potential at a can be found by starting at either end: V;, — Vy,q or V,, + Vgq.
Either way, V, = 64 — 2.67-12 =16+ 2.67-6 =32V

To find the potential at b, we also need to find the current in the bottom branch with

equivalent resistance Rpoteom = 3 + 13 = 16 Q. This is Iyoteom = L=¥_34
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Like above, V), =V, = V3q =V, + Vi3 =64—-3-3=16+3-13 =55V
The potential difference is V;, — V;,, = 32 — 55 = =23V

(b) With the switch S closed determine the current through the switch (include direction)
and Vg .

With the switch closed, we now have two segments in series. One the left the 12 Q and
3 Q resistors are connected in parallel, and on the right the 6 Q and 13 Q resistors are
connected in parallel.

Points a and b are now connected by an empty wire with no resistance, so V,; = 0 V!

To find the current through the switch, we need to first find the equivalent resistance of
the entire circuit:

1, 1\
Repe = (5+31) =24Q
1, 1\ !
Rigne = (3+) =41Q
Reg=24+41=65Q
Lot =‘%’;=%= 7.38 4

We can now find the voltage drop in each segment of the circuit, and then the current
through each resistor.

Viert = ltotRiefe = 7.38-2.4 =177V

Vright = ItOtRTight = 738 4.1 = 303 V

lip == =148 A

I,=2l=590A
3

I, =22=505A
6

hs=>2=233A

To find the current through the switch, we need to apply Kirchhoff’s junction rule at
eitheraorb. Ata: I, + Lyitcn = lg and at b: I3 = Ig,itcn + [13. Either way, we see
that the current through the switch is directed up with a value

Lswiten = lg — 112 = I3 — ;3 = 5.05—1.48 =590 — 2.33 =357 A



3. In the circuit below solve for
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(a) the current in each part of the circuit,

Note that the question specifies this is an entire circuit, not a section of circuit. On the far left,
the branch ends at b and does not from any closed loop, meaning there is no current in this
branch and the emf €5 does not send any power to the rest of the circuit. We can simply
ignore this far left branch in our analysis.

I’ve chosen to define currents I, I, and I3 as shown above. Applying Kirchhoff’s rules:
Junction: I, + I, = I3

Top loop: +3 — 41, + 31, — 6+ 031, — 0.4, = 0 = -3 — 4.4], + 3.3],

Bottom loop: +6 — 31, — 1513 — 0.31, = 0 = 6 — 3.3[, — 1515

Outside loop: +3 — 41; — 1513 — 0.4]; = 0 = 3 — 4.4];, — 1515

We only need two of the three loop equations to solve. I’ll use the top loop to isolate I; in
terms of I, and the bottom loop to isolate I3 in terms of I,. Then, we substitute into the
junction equation:

—3+3.31,
11 e

6-331
]3 — 2202

15
g _ (6-33L\ _ (=3+33L) _ _

L=I—1I, = ( ) (=2 ) =1.08 — 0.971,
We can now find the three currents:
I, = 1—23 = 0.548 A (to the right)
L = %j“g = —0.271 A (opposite the initial guess, so to the left)

Iy = 2222228 = 0,279 A (to the left)



(b) the potential difference Vs ,

We can use any of the three branches to find V,,, being careful not to forget €;.

Top: V + €3 — 441 + & =V,
Middle: V), + €5 =33, + &, =V,
Bottom: V,, + €5 + 1513 =V,

In all cases,
V,—Vp=2—-44--02714+3=2-33-05484+6=2+4+15-0.279 =6.19V

(b) the terminal voltage of the seat £, and
The terminal voltage of the seat €; includes its internal resistance of 0.4 Q.

(d) the rate at which this seat supplies/absorbs electrical energy.
This seat has current going through it “backwards”, so it absorbs electrical energy at a rate
P =1LV =(-0.271)(3.11) = —0.84 W

We could of course sum the power of the emf and the resistance separately:
|P| = |I,&] + |I,m4| = (0.271)(3) + (0.271)2(0.4) = 0.84 W

4. For the circuit shown in the figure below, determine the current through each resistor

Ay
Ji =18 R.= 30
- E1=4\f 5
;szﬁ - %F:f:m
? £,=6V

Before applying Kirchhoff’s rules, we can simplify the circuit by replacing R, and R,

-1
connected in parallel, themselves parallel to the rest of the circuit. R,, = G + i) =1.33Q

I’ve chosen to define currents I;, I, and I5 as shown above. Applying Kirchhoft’s rules:
Junction: I, + I, = I3

Leftloop: +4 — 1, +3, —6=0=-2—1; + 31,

Right loop: +6 — 31, — 1.3313 =0

Outside loop: +4 — 1I; — 1.33I3 =0



We only need two of the three loop equations to solve. I’ll use the left loop to isolate I; in
terms of I, and the right loop to isolate /5 in terms of I,. Then, we substitute into the junction
equation:

11 == _2 + 312

[, = 673k

37 133

=1 — 1 = (522) - (—2+31,) = 8 - 5.261,

We can now find the three currents:

I, = % = 1.28 A (up, this is the current through R5)

[, =—2+3-1.28 = 1.84 A (up, so to the right through R;)

I3 = 03128 _162A (down, so this is the sum of the currents through R, and R,)
1.33

To find the current through R, and R,, we must find the voltage drop across them. This can
be done with Ohm’s law or with the voltage loops, with small differences from rounding:
Vou = 3Ry, =1.62-133 =215V

Vo= —LRi =4—-184-1=2.16V

Vou =€, —LR; =6—-128-3=216V

Through R,, I = Z'Zﬁ = 1.08 A and through Ry, [ = % = 0.54 A, both downwards.

5. In the combination of capacitors shown below, all are fully charged.

*]|o_bg=3uF
i
F
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(a) Determine the equivalent capacitance of the combination.

First, C, and C5 are connected in parallel, so C,3 = 2 + 3 = 5 pF. These are connected to C; in

-1
LIS l) = 4 pF. This is finally in parallel with Cy, so C,q =4 + 5 = 9 yF.

series, SO (53 = (5 -

(b) If the charge on Cs is 90 £ C, determine the charge on Cas.

. . 90x107°
Since we know the charge on (3, we can find the voltage across it V3 = % = 3;10_6 =30V.
3

This is also the voltage across C, : V3 =V, = V,3 = 30 V. We can find the charge on C, and C;
with their equivalent capacitance C,3 : Q3 = C3V,3 =530 = 150 pC.
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This is also the charge on C;: Q; = Q53 = Q123 = 150 pC. We can now find the voltage across

C,Cyand Gy 1 Vi =22 =20 =375y,

Ci23 4

This is also the voltage across C, : V, = V53 = V;,;. Finally, we can find the charge on Cj, :
Q,=CV,=5-375=188 uC

6. In the circuit shown below the switches Si and S are initially open and the capacitors are
uncharged.

5 5
"o g
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[ C,=9uF
e N 3 = (=
T €= 30v TR=2x10% % R, =3x10%

[ C,=18uF

(a) Switch S1 is now closed. Six seconds after S; is closed :

(1) what is the charge on C;?
-1
C; and C;, are connected in series, s0 Cpq = (% + %) = 6 pF. The time constant

of the circuit is thus T = R,qCeq = (2 X 107°)(6 X 107°) = 12s.

The maximum charge that can be accumulated on the capacitors (equal charge on C;
and C, as they are in series) 1S Qpqx = Ceq€ = 6 X 30 = 180 pF.

t
This charge increases over times as Q(t) = Qmax (1 - e_?)

6
Q(t = 6s) = 180 (1 - e‘ﬁ) = 70.8 uC

(i1) what is the current through R1?
t

We could find the initial current through R; and the find I(t) = [,,4c€ =.

Instead, since we already know the accumulated charge, we know that the voltage

across the capacitors is V; = Qc(t) = %’8 =11.8V.
eq

The voltage across the resistor is thus Vg = € =V, =30 — 11.8 = 18.2 V, and the

current through it is I(t = 6s) = % = 2181'(2)6 =9.10 pA

(ii1) what is the electric potential energy stored in C,?
No need to find the voltage across only C,, since we know its capacitance and

@ _ (108x107)" _ 4 ag qo-a )

charge. U = 2C ~ 2(18x1076)



(b) If now, at six seconds after switch S1 has been closed, it is opened and S: is closed.
(1) Determine the charge on C» 18 seconds after S: is closed and

The discharging circuit has a new time constant
T =RpqCoq = 3% 107%)(6 X 107%) = 185

The charge on C, is the same as on C; and begins as Q,,,4, = 70.8 uC and then
t

decreases over time: Q(t) = Qax€ *
Q(t =18s) = 70.8 e718/18 = 26.0 uC

(i1) determine the potential difference across Ry at this time.

In this discharging circuit, the voltage across R, is the same as over the two
capacitors together

Vszceqz%?z%:msv
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    I  a v e =   Q  ( 4 ) − Q ( 2 )  4 − 2 =  1 2  [  ( 4 ∙  4 3 + 5 ∙ 4 + 6 ) −  ( 4 ∙  2 3 + 5 ∙ 2 + 6 ) ] = 117   A


  I   =   d Q  d t = 12   t 2 + 5


  I  ( t = 2 s ) = 12 ∙  2 2 + 5 = 53   A


  I  ( t = 2 s ) = 12 ∙  2 2 + 5 = 53   A


  P =   I 2 R =  53 2 ∙ 12 = 3 . 37 ×  10 4 W


  P =   I 2 R =  53 2 ∙ 12 = 3 . 37 ×  10 4 W


    V  x y = 64 . 0 − 16 . 0 = 48 . 0


    R  t o p = 12 + 6 = 18


    I  t o p =   V  R =   48 . 0 18 = 2 . 67   A


    V  x −   V  12 Ω


    V  y +   V  6 Ω


    V  a = 64 − 2 . 67 ∙ 12 = 16 + 2 . 67 ∙ 6 = 32   V


    R  b o t t o m = 3 + 13 = 16


    I  b o t t o m =   V  R =  48 16 = 3   A


    V  b =   V  x −   V  3 Ω =   V  y +   V  13 Ω = 64 − 3 ∙ 3 = 16 + 3 ∙ 13 = 55   V


    V  a −   V  b = 32 − 55 = − 23   V


    V  a b = 0


 


    R  r i g h t =    (  1 6 +  1 13 )  − 1 = 4 . 1


    R  e q = 2 . 4 + 4 . 1 = 6 . 5


    I  t o t =     V  t o t    R  e q =   48 . 0  6 . 5 = 7 . 38   A


    V  l e f t =   I  t o t   R  l e f t = 7 . 38 ∙ 2 . 4 = 17 . 7


    V  r i g h t =   I  t o t   R  r i g h t = 7 . 38 ∙ 4 . 1 = 30 . 3


    I 12 =   17 . 7 12 = 1 . 48


    I 3 =   17 . 7 3 = 5 . 90


    I 6 =   30 . 3 6 = 5 . 05


    I 13 =   30 . 3 13 = 2 . 33


    I 12 +   I  s w i t c h =   I 6


    I 3 =   I  s w i t c h +   I 13


    I  s w i t c h =   I 6 −  1 12 =   I 3 −   I 13 = 5 . 05 − 1 . 48 = 5 . 90 − 2 . 33 = 3 . 57


   ℇ 3


    I 1


    I 2


    I 3


    I 1 +   I 2 =   I 3


  + 3 − 4   I 1 + 3   I 2 − 6 + 0 . 3   I 2 − 0 . 4   I 1 = 0 = − 3 − 4 . 4   I 1 + 3 . 3   I 2


  + 6 − 3   I 2 − 15   I 3 − 0 . 3   I 2 = 0 = 6 − 3 . 3   I 2 − 15   I 3


  + 3 − 4   I 1 − 15   I 3 − 0 . 4   I 1 = 0 = 3 − 4 . 4   I 1 − 15   I 3


    I 1


    I 2


    I 3


    I 2


    I 1 =   − 3 + 3 . 3   I 2  4 . 4


    I 3 =   6 − 3 . 3   I 2 15


    I 2 =   I 3 −   I 1 =  (   6 − 3 . 3   I 2 15 ) −  (   − 3 + 3 . 3   I 2  4 . 4 ) = 1 . 08 − 0 . 97   I 2


    I 2 =   1 . 08  1 . 97 = 0 . 548


    I 1 =   − 3 + 3 . 3 ∙ 0 . 548  4 . 4 = − 0 . 271


    I 3 =   6 − 3 . 3 ∙ 0 . 548 15 = 0 . 279


    V  a b


   ℇ 3


    V  b +  ℇ 3 − 4 . 4   I 1 +  ℇ 1 =   V  a


    V  b +  ℇ 3 − 3 . 3   I 2 +  ℇ 2 =   V  a


    V  b +  ℇ 3 + 15   I 3 =   V  a


    V  a −   V  b = 2 − 4 . 4 ∙ − 0 . 271 + 3 = 2 − 3 . 3 ∙ 0 . 548 + 6 = 2 + 15 ∙ 0 . 279 = 6 . 19   V


   ℇ 1


    V  T = − 0 . 4   I 1 +  ℇ 1 =  ( − 0 . 4 )  ( − 0 . 271 ) + 3 = 3 . 11   V


  P =   I 1   V  T =  ( − 0 . 271 )  ( 3 . 11 ) = − 0 . 84


   | P | =  |   I 1  ℇ 1 | +  |   I 2   r 1 | =  ( 0 . 271 )  ( 3 ) +    ( 0 . 271 ) 2  ( 0 . 4 ) = 0 . 84


    R 2


    R 4


    R 24 =    (  1 2 +  1 4 )  − 1 = 1 . 33


    I 1


    I 2


    I 3


    I 1 +   I 2 =   I 3


  + 4 − 1   I 1 + 3   I 2 − 6 = 0 = − 2 −   I 1 + 3   I 2


  + 6 − 3   I 2 − 1 . 33   I 3 = 0


  + 4 − 1   I 1 − 1 . 33   I 3 = 0


    I 1


    I 2


    I 3


    I 2


    I 1 = − 2 + 3   I 2


    I 3 =   6 − 3   I 2  1 . 33


    I 2 =   I 3 −   I 1 =  (   6 − 3   I 2  1 . 33 ) −  ( − 2 + 3   I 2 ) = 8 − 5 . 26   I 2


    I 2 =  8  6 . 26 = 1 . 28


    R 3


    I 1 = − 2 + 3 ∙ 1 . 28 = 1 . 84


    R 1


    I 3 =   6 − 3 ∙ 1 . 28  1 . 33 = 1 . 62


    R 2


    R 4


    R 2


    R 4


    V 24 =   I 3   R 24 = 1 . 62 ∙ 1 . 33 = 2 . 15


    V 24 =  ℇ 1 −   I 1   R 1 = 4 − 1 . 84 ∙ 1 = 2 . 16


    V 24 =  ℇ 2 −   I 2   R 3 = 6 − 1 . 28 ∙ 3 = 2 . 16


    R 2


  I =   2 . 16 2 = 1 . 08


    R 4


  I =   2 . 16 4 = 0 . 54


    C 2


    C 3


    C 23 = 2 + 3 = 5   μ F


    C 1


    C 123 =    (  1 20 +  1 5 )  − 1 = 4   μ F


    C 4


    C  e q = 4 + 5 = 9   μ F .


    C 3


    V 3 =     Q 3    C 3 =   90 ×  10  − 6  3 ×  10  − 6 = 30


    C 2


    V 3 =   V 2 =   V 23 = 30


    C 2


    C 3


    C 23


    Q 23 =   C 23   V 23 = 5 ∙ 30 = 150   μ C .


    C 1


    Q 1 =   Q 23 =   Q 123 = 150   μ C .


    C 1


    C 2


    C 3


    V 123 =     Q 123    C 123 =  150 4 = 37 . 5


    C 4


    V 4 =   V 123 =   V  t o t


    C 4


    Q 4 =   C 4   V 4 = 5 ∙ 37 . 5 = 188   μ C


    C 1


    C 2


    C  e q =    (  1 9 +  1 18 )  − 1 = 6   μ F


  𝜏 =   R  e q   C  e q =  ( 2 ×  10  − 6 )  ( 6 ×  10  − 6 ) = 12


    C 1


    C 2


    Q  m a x =   C  e q ℇ = 6 × 30 = 180   μ F


  Q  ( t ) =   Q  m a x  ( 1 −   e  −   t  𝜏 )


    R 1


  I  ( t ) =   I  m a x   e  −   t  𝜏


    V  C =   Q  ( t )    C  e q =   70 . 8 6 = 11 . 8


    V  R = ℇ −   V  C = 30 − 11 . 8 = 18 . 2


  I  ( t = 6 s ) =     V  R  R =   18 . 2  2 ×  10 6 = 9 . 10   μ A


    C 2


  U =     Q 2  2 C =      ( 70 . 8 ×  10  − 6 ) 2  2 ( 18 ×  10  − 6 ) = 1 . 39 ×  10  − 4


  𝜏 =   R  e q   C  e q =  ( 3 ×  10  − 6 )  ( 6 ×  10  − 6 ) = 18


    C 2


    C 1


    Q  m a x = 70 . 8   μ C


  Q  ( t ) =   Q  m a x   e  −   t  𝜏


  Q  ( t = 18   s ) = 70 . 8     e  − 18 / 18 = 26 . 0   μ C


    R 2


    V  R =   V    C  e q =   Q  ( t )    C  e q =   26 . 0 6 = 4 . 33  

